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Abstract
We define a monodromy, directly from the spectrum of small non-selfadjoint per-
turbations of a selfadjoint semiclassical operator with two degrees of freedom,
which is classically integrable. It is a combinatorial invariant that obstructs glob-
ally the existence of lattice structure of the spectrum, in the semiclassical limit.
Moreover this spectral monodromy allows to recover a topological invariant (the
classical monodromy) of the corresponding integrable system.
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1 Introduction
1.1 Motivation
We propose in this article a way of detecting the monodromy of a quantum Hamiltonian
which is classically integrable, by looking at non-selfadjoint perturbations.
In the classical theory, the classical monodromy is defined for a completely integrable
system on symplectic manifolds as a topological invariant that obstructs the existence
of global action-angle coordinates on the phase space, see [9].
Quantum monodromy was detected a long time ago in [10] and completely defined in
[15], in the joint spectrum of system of selfadjoint operators that commute, in the sense
of the semiclassical limit, as the classical monodromy of the underlying classical system.
However, a mysterious question is whether a monodromy can be defined for only one
semiclassical operator? That is how to detect the modification of action-angle variables
from only one spectrum?
We are interested in the globally structure of the spectrum of non-selfadjoint h−Weyl-
pseudodifferential operators with two degrees of freedom, which are small non-selfadjoint
perturbations of a selfadjoint operator, in the semiclassical limit. Such an operator is of
the form
Pε = P (x, hDx, ε;h), (1.1)
where the unperturbed operator P := Pε=0 is formally selfadjoint, and ε is a small
parameter. In this work ε is assumed to depend on the classical parameter h and in the
regime h ε = O(hδ), with 0 < δ < 1.
The first answer for the above problem, which was given in Ref. [17], is a particular
case of the present work. In that work, the operators had the simple form P + iεQ, such
that the corresponding principal symbols p of P and q of Q commute for the Poisson
bracket, {p, q} = 0. Here we develop this result in assuming only that the principal
symbol of Pε in (1.1) is of the form
pε = p+ iεq +O(ε2),
with p is a completely integrable Hamiltonian.
It is known from the spectral asymptotic theory (see [4]) that, under some suitable
global assumption, the spectrum of the perturbed operators has locally the form of
a deformed discrete lattice. The eigenvalues admit asymptotic expansions in h and
ε. Moreover, we shaw prove the mail result (Theorem 4.4) that the spectrum is an
asymptotic pseudo-lattice (see Definition 4.1). Therefore, as an application from [17], a
combinatorial invariant of the spectral lattice- the spectral monodromy is well defined,
directly from the spectrum.
Moreover, this quantum result is strictly related to the classical results. The spectral
monodromy can be identified to the classical monodromy of the completely integrable
system p.
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1.2 Brief description for the spectral monodromy
It knows from the spectral asymptotic theory (see [4]) that, under an ellipticity condition
at infinity (see (3.10)), the spectrum of the perturbed operators (1.1) is discrete, and
included in a horizontal band of size O(ε). Moreover, that work allows give asymptotic
expansions of the spectrum located in some small domains of size O(hδ)×O(εhδ) of the
spectral band, called good rectangles.
As we shaw show in this work that there is a correspondence (in fact a local diffeo-
morphism, see Proposition 4.6 and a proof for this point in [17]), denoted by f , from
the spectrum contained in a good rectangle R(a)(ε, h) to a part of hZ2, modulo O(h∞),
R(a)(ε, h) 3 µ 7→ f(µ, ε;h) ∈ hZ2 +O(h∞). (1.2)
Here a ∈ R2 is introduced to fix the center of the good rectangle. This map is called a
h−local chart of the spectrum. The spectrum therefore has the structure of a deformed
lattice, with horizontal spacing h and vertical spacing εh. See Figure 1 below.
f
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Figure 1. h−local chart of the spectrum
Such good rectangles correspond to the Diophantine invariant tori in the phase space,
on which the Hamiltonian flow of the unperturbed part, that is p, is quasi-periodic of
constant frequency, see (3.29). However, there are many such rectangles in the spectral
band due to the existence of Diophantine invariant tori in the phase space. The set of
the center of the good rectangles is nowhere dense in the complex plane, but of large
measure. It is well known from the classical theory.
We shall call a family of close h−local charts on a small domain U∗(ε) a local pseudo-
chart of the spectrum. We notice that each h−local chart is normally valid for one
good rectangle. However, an important fact we show in this paper that we may build a
local pseudo-chart such that the leading term in asymptotic expansions of their h−local
charts in the small parameters h, ε is locally well defined on U∗(ε). The construction of
local pseudo-charts will be done in detail in Section 4.
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With regard to the global problem, we consider the spectrum as a discrete subset of the
complex plane. We can apply a result of [17] about a discrete set, called an asymptotic
pseudo-lattice (see also Definition 4.1), for the spectrum. It shows that the differen-
tial of the transition maps between two overlapping local pseudo-charts (fi, U
i(ε)) and
(fj, U
j(ε)) is in the group GL(2,Z), modulo O(ε, h
ε
):
d(f˜i) = Mijd(f˜j) +O(ε, h
ε
),
where f˜i = fi ◦ χ, f˜j = fj ◦ χ, with χ is the function (u1, u2) 7→ (u1, εu2), and Mij ∈
GL(2,Z) is an integer constant matrix.
Let U(ε) be a bounded open domain in the spectral band and cover it by an arbitrary
(small enough) locally finite covering of local pseudo-charts {(fj, U j(ε))}j∈J , here J
is a finite index set. Then the spectral monodromy on U(ε) is defined as the unique
1-cocycle {Mij}, modulo coboundary in the first Cˇech cohomology group.
It is clear that if the spectral monodromy is not trivial, then the transition maps either,
and the spectrum hasn’t a smooth global lattice structure.
2 Some basics
2.1 Weyl-quantization
We will work throughout this article with pseudodifferential operators obtained by the
h−Weyl-quantization of a standard space of symbols on T ∗M = R2n(x,ξ), here M = Rn or
a compact manifold of n dimensions, and in particular n = 2. We denote σ the standard
symplectic 2−form on T ∗M .
In the following we represent the quantization in the case M = Rn. In the manifold
case, the quantization is suitably introduced. We refer to Refs. [11]-[13] for the theory
of pseudodifferential operators.
Definition 2.1. A function m : R2n → (0,+∞) is called an order function if there are
constants C,N > 0 such that
m(X) ≤ C〈X − Y 〉Nm(Y ),∀X, Y ∈ R2n,
with notation 〈Z〉 = (1 + |Z|2)1/2 for Z ∈ R2n.
Definition 2.2. Let m be an order function and k ∈ R, we define classes of symbols of
h-order k, denoted by Sk(m) (families of functions), of (a(·;h))h∈(0,1] on R2n(x,ξ) by
Sk(m) = {a ∈ C∞(R2n) | ∀α ∈ N2n, |∂αa| ≤ Cαhkm}, (2.3)
for some constant Cα > 0, uniformly in h ∈ (0, 1].
A symbol is called O(h∞) if it’s in ∩k∈RSk(m) := S∞(m).
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Then Ψk(m)(M) denotes the set of all (in general unbounded) linear operators Ah
on L2(Rn), obtained from the h−Weyl-quantization of symbols a(·;h) ∈ Sk(m) by the
integral:
(Ahu)(x) = (Op
w
h (a)u)(x) =
1
(2pih)n
∫
R2n
e
i
h
(x−y)ξa(
x+ y
2
, ξ;h)u(y)dydξ. (2.4)
In this work, we always assume that symbols admit classical asymptotic expansions
in integer powers of h. The leading term in this expansion is called the principal symbol
of operators.
2.2 Classical theory
We recall here some notions and results from the classical theory.
Definition 2.3. An integrable system on a symplectic manifold (W,σ) of dimension 2n
(n ≥ 1) is given n smooth real-valued functions f1, . . . , fn in involution with respect to
the Poisson bracket generated from the symplectic form σ, whose differentials are almost
everywhere linearly independent. In this case, the map
F = (f1, . . . , fn) : M → Rn
is also called an integrable system, or a momentum map.
A smooth function f1 is called completely integrable if there exists n − 1 functions
f2, . . . , fn such that F = (f1, . . . , fn) is an integrable system.
Let U be an open subset of regular values of F . Then we have,
Theorem 2.4 (Angle-action theorem). (Refs. [1], [2], and [9]) Let c ∈ U , and Λc be a
compact regular leaf of the fiber F−1(c). Then there exists an open neighborhood V = V c
of Λc in W such that F |V defines a smooth locally trivial fibre bundle onto an open
neighborhood U c ⊂ U of c, whose fibres are invariant Lagrangian n−tori. Moreover,
there exists a symplectic diffeomorphism κ = κc,
κ = (x, ξ) : V → Tn × A,
with A = Ac ⊂ Rn is an open subset, such that F ◦ κ−1(x, ξ) = ϕ(ξ) for all x ∈ Tn, and
ξ ∈ A, and here ϕ = ϕc : A→ ϕ(A) = U c is a local diffeomorphism. We call (x, ξ) local
angle-action variables near Λc and (V, κ) a local angle-action chart.
Notice that one chooses usually the local chart such that the torus Λc is sent by κ to
the zero section T n × {0}. By this theorem, for every a ∈ U c, then Λa := F−1(a) ∩ V c
is an invariant Lagrangian n−torus, called a Liouville torus, and we write
Λa ' κ(Λa) = Tn × {ξa} := Λξa , (2.5)
with some ξa ∈ A.
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3 Spectral asymptotics
In this section, we shall apply the spectral asymptotic theory from [4] for small non-
selfadjoint perturbations of selfadjoint operators in two dimensions to give the asymp-
totics of eigenvalues located in some suitable small windows of the complex plane.
3.1 General assumptions
We give here some global geometric assumption on the dynamics of the principal symbol
of unperturbed selfadjoint operators, as in Refs. [4], and [3].
M denotes R2 or a connected compact analytic real (Riemannian) manifold of dimen-
sion 2 and we denote by M˜ the canonical complexification of M , which is either C2 in
the Euclidean case or a Grauert tube in the case of manifold (see Ref. [5]).
We consider a non-selfadjoint h−pseudodifferential operator Pε on M and suppose
that
Pε=0 := P is formally selfadjoint. (3.6)
Note that if M = R2, the volume form µ(dx) is naturally induced by the Lebesgue
measure on R2. If M is a compact Riemannian manifold, then the volume form µ(dx) is
induced by the given Riemannian structure of M . Therefore in both cases the volume
form is well defined and the operator Pε may be seen as an (unbounded) operator on
L2(M,µ(dx)). We always denote the principal symbol of Pε by pε which is defined on
T ∗M .
We will assume the ellipticity condition at infinity for Pε at some energy level E ∈ R
as follows:
When M = R2, let
Pε = P (x, hDx, ε;h) (3.7)
be the Weyl quantification of a total symbol P (x, ξ, ε;h) depending smoothly on ε in a
neighborhood of (0,R) and taking values in the space of holomorphic functions of (x, ξ)
in a tubular neighborhood of R4 in C4 on which we assume that:
|P (x, ξ, ε;h)| ≤ O(1)m(Re(x, ξ)). (3.8)
Here m is an order function in the sense of Def. 2.1. We assume moreover that m > 1
and Pε is classical of order 0,
P (x, ξ, ε;h) ∼
∞∑
j=0
pj,ε(x, ξ)h
j, h→ 0, (3.9)
in the selected space of symbols as in Section 2.1. In this case, the principal symbol
pε = p0,ε is the first term of the above expansion, and the ellipticity condition at infinity
is
|pε(x, ξ)− E| ≥ 1
C
m(Re(x, ξ)), | (x, ξ) |≥ C, (3.10)
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for some C > 0 large enough.
When M is a compact manifold, we consider Pε a differential operator on M such
that in local coordinates x of M , it is of the form:
Pε =
∑
|α|≤m
aα,ε(x;h)(hDx)
α, (3.11)
where Dx =
1
i
∂
∂x
and aα,ε are smooth functions of ε in a neighborhood of 0 with values
in the space of holomorphic functions on a complex neighborhood of x = 0.
We assume that these aα,ε are classical of order 0,
aα,ε(x;h) ∼
∞∑
j=0
aα,ε,j(x)h
j, h→ 0, (3.12)
in the selected space of symbols. In this case, the principal symbol pε in the local
canonical coordinates associated (x, ξ) on T ∗M is
pε(x, ξ) =
∑
|α|≤m
aα,ε,0(x)ξ
α, (3.13)
and the elipticity condition at infinity is
|pε(x, ξ)− E| ≥ 1
C
〈ξ〉m, (x, ξ) ∈ T ∗M, | ξ |≥ C, (3.14)
for some C > 0 large enough. Notice here that M has a Riemannian metric, then | ξ |
and 〈ξ〉 = (1+ | ξ |2)1/2 are well defined.
It is known from Refs. [4], and [3] that with the above conditions, the spectrum of
Pε in a small but fixed neighborhood of E in C is discrete, when h > 0, ε ≥ 0 are small
enough. Moreover, this spectrum is contained in a horizontal band of size ε:
|Im(z)| ≤ O(ε). (3.15)
Let p = pε=0, it is principal symbol of the selfadjoint unperturbed operator P and
therefore real. And let q = 1
i
(∂pε
∂ε
)ε=0 and assume that q is a bounded analytic function
on T ∗M . We can write the principal symbol
pε = p+ iεq +O(ε2). (3.16)
We assume that p is completely integrable, i.e., there exists an integrable system
F = (p, f) : T ∗M → R2 (3.17)
Then the space of regular leaves of F is foliated by Liouville Lagrangian invariant tori
by Theorem 2.4.
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We assume also that
p−1(E) ∩ T ∗M is connected, (3.18)
and the energy level E is regular for p, i.e., dp 6= 0 on p−1(E)∩ T ∗M . We would like to
notice that the level set p−1(E) is compact, due to the ellipticity condition at infinity
(3.10) or (3.14)
Then the energy space p−1(E) is decomposed into a singular foliation:
p−1(E) ∩ T ∗M =
⋃
a∈J
Λa, (3.19)
where J is assumed to be a compact interval, or, more generally, a connected graph with
a finite number of vertices and of edges, see pp. 21-22 and 55 of Ref. [4].
We denote by S the set of vertices. For each a ∈ J , Λa is a connected compact subset
invariant with respect to Hp. Moreover, if a ∈ J\S, Λa are the Liouville tori depending
analytically on a. These tori are regular leaves corresponding to regular values of F .
Each edge of J can be identified with a bounded interval of R and we have therefore a
distance on J in the natural way.
We denote Hp the Hamiltonian vector field of p, defined by σ(Hp, ·) = −dp(·). For
each a ∈ J , we define a compact interval in R:
Q∞(a) =
[
lim
T→∞
inf
Λa
Re〈q〉T , lim
T→∞
sup
Λa
Re〈q〉T
]
, (3.20)
where 〈q〉T , for T > 0, is the symmetric average time T of q along the Hp−flow, defined
by
〈q〉T = 1
T
∫ T/2
−T/2
q ◦ exp(tHp)dt. (3.21)
Then we can improve (3.15) that the spectrum the of Pε in the neighborhood of E in C
is located in the band
Im (σ(Pε) ∩ {z ∈ C : |Rez − E| ≤ δ}) ⊆ ε
[
inf
⋃
a∈J
Q∞(a)− o(1), sup
⋃
a∈J
Q∞(a) + o(1)
]
,
(3.22)
when ε, h, δ → 0 (see Ref. [4]).
From now, for simplicity, we will assume that q is real valued (in the general case,
simply replace q by its real part Re(q) in regard to (3.16)).
Each torus Λa, with a ∈ J\S, locally can be embedded in a Lagrangian foliation of
Hp−invariant tori. By Theorem 2.4, there are analytic local angle-action coordinates
on an open neighborhood V of Λa
κ = (x, ξ) : V → T2 × A, (3.23)
such that Λa ' Λξa , ξa ∈ A, and p becomes only a function of ξ,
p ◦ κ−1 = p(ξ) = p(ξ1, ξ2), ξ ∈ A. (3.24)
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Let Λ ⊂ V be an arbitrary Liouville torus (close to Λa). We have
Λ ' Λξ, ξ ∈ A. (3.25)
We define 〈q〉-the average of q on the torus Λ, with respect to the natural Liouville
measure on Λ, denoted by 〈q〉Λ, as following
〈q〉Λ =
∫
Λ
q. (3.26)
Remark 3.1. In the action-angle coordinates (x, ξ) given by (3.23), we have
〈q〉Λ = 〈q〉Λξ = 〈q〉(ξ) =
1
(2pi)2
∫
T2
q(x, ξ)dx, ξ ∈ A. (3.27)
In particular, 〈q〉Λa = 〈q〉(ξa).
It is true that 〈q〉Λa depends analytically on a ∈ J\S, and we assume that it can be
extended continuously on J . Furthermore, we assume that the function a 7→ 〈q〉Λa =
〈q〉(ξa) is not identically constant on any connected component of J\S, and that
dp(ξ) and d〈q〉(ξ) are R−linearly independent at ξa. (3.28)
Let Λ ⊂ V be a Liouville torus as in (3.25). Then we define the frequency of Λ (also
of Λξ) by
ω(ξ) =
∂p
∂ξ
(ξ) =
( ∂p
∂ξ1
(ξ),
∂p
∂ξ2
(ξ)
)
, ξ ∈ A, (3.29)
and the rotation number of Λ by
ρ(ξ) =
[ ∂p
∂ξ1
(ξ) :
∂p
∂ξ2
(ξ)
]
, ξ ∈ A, (3.30)
viewed as an element of the real projective line. It is clear that ρ depends analytically
on ξ ∈ A and we shall assume that the restricted function
a 7→ ρ(a) := ρ(ξa) is not identically constant on any connected component of J\S.
(3.31)
Remark 3.2 (see pp. 56-57 of Ref. [4]). For a ∈ J\S, if ρ(a) /∈ Q, that means the
frequency ω(ξa) is non resonant, then along the torus Λa, the Hamiltonian flow of p is
ergodic. Hence the limit of 〈q〉T , when T →∞ exists, and is equals to 〈q〉Λa . Therefore
we have
Q∞(a) = {〈q〉Λa}.
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3.2 Asymptotics of eigenvalues
The spectral asymptotic theory (see Refs. [3], and [4]) allows us to give the asymptotic
description of all the eigenvalues of Pε in some adapted small complex windows of the
spectral band, which are associated with Diophantine tori in the phase space. The force
of the perturbation ε is small and can be dependent or independent of the classical
parameter h. However in this work we consider the case when ε is sufficiently small,
dependent on h, and in the following regime
h ε = O(hδ), (3.32)
where δ > 0 is some number small enough but fixed. In this case, spectral results are
related to (h, ε)-dependent small windows.
Definition 3.3. Let α > 0, d > 0, and Λ ' Λξ be a Hp−invariant Lagrangian torus, as
in (3.25). We say that Λ is (α, d)−Diophantine if its frequency ω(ξ), defined in (3.29),
satisfies
ω(ξ) ∈ Dα,d =
{
ω ∈ R2∣∣ |〈ω, k〉| ≥ α|k|1+d , ∀ k ∈ Z2\{0}}. (3.33)
Notice also that when d > 0 is fixed, the Diophantine property (for some α > 0) of Λ
is independent of selected angle-action coordinates, see [7]. If Λ is (α, d)−Diophantine,
then its frequency must be irrational and we may have the result in Remark 3.2.
It is known that the set Dα,d is a closed set with closed half-line structure. When we
take α to be sufficiently small, it is a nowhere dense set but with no isolated points.
Moreover, its measure tends to large measure as α tends to 0: the measure of its
complement is of order O(α). See Refs. [6], and [8].
Definition 3.4. For some α > 0 and some d > 0, we define the set of good values
associated with an energy level E, denoted by G(α, d, E), obtained from ∪a∈JQ∞(a) by
removing the following set of bad values B(α, d, E):
B(α, d, E) =
( ⋃
dist(a,S)<α
Q∞(a)
)⋃( ⋃
a∈J\S: ω(ξa) is not (α,d)−Diophantine
Q∞(a)
)
⋃( ⋃
a∈J\S: |d〈q〉(ξa)|<α
Q∞(a)
)⋃( ⋃
a∈J\S: |ω′(ξa)|<α
Q∞(a)
)
.
Remark 3.5. We note that
(i) When d > 0 is kept fixed, the measure of the set of bad values B(α, d, E) in
∪a∈JQ∞(a) (and in 〈q〉Λa(J)) is O(α), when α > 0 is small enough, provided that
the measure of ( ⋃
a∈J\S: ω(ξa)∈Q
Q∞(a)
)⋃(⋃
a∈S
Q∞(a)
)
(3.34)
is sufficiently small, depending on α (see Ref. [4]).
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(ii) Let G ∈ G(α, d, E) be a good value, then by Definition of B(α, d, E) and Re-
mark 3.2, there are a finite number of corresponding (α, d)−Diophantine tori
Λa1 , . . . ,ΛaL , with L ∈ N∗ and {a1, . . . , aL} ⊂ J \ S, in the energy space p−1(E) ∩
T ∗M , such that the pre-image
〈q〉−1(G) = {Λa1 , . . . ,ΛaL}.
In this way, when G varies in G(α, d, E), we obtain a family of large measure of
(α, d)−Diophantine invariant tori in the phase space satisfying {p = E, 〈q〉 = G}.
For G ∈ G(α, d, E) is a good value, we define in the horizontal band of size ε of
complex plan, given in (3.22), a suitable window of size O(hδ) × O(εhδ), around the
good center E + iεG, called a good rectangle,
R(E,G)(ε, h) = (E + iε G) +
[
− h
δ
O(1) ,
hδ
O(1)
]
+ iε
[
− h
δ
O(1) ,+
hδ
O(1)
]
. (3.35)
Now let G ∈ G(α, d, E) be a good value. As in Remark 3.5, there exists L elements in
pre-image of G by 〈q〉. We shall assume that L = 1 and we write
〈q〉−1(G) = Λa ⊂ p−1(E) ∩ T ∗M, a ∈ J \ S, (3.36)
Note that this hypothesis can be achieved if we assume that the function (p, 〈q〉) is
proper with connected fibres.
Let Λa, a ∈ J\S be an invariant Lagrangian torus and let κ be the action-angle local
coordinates in (3.23). The fundamental cycles (γ1, γ2) of Λa are defined by
γj = κ
−1({(x, ξ) ∈ T ∗T2 : xj = 0, ξ = ξa}), j = 1, 2.
Then we note η ∈ Z2 the Maslov indices and S ∈ R2 the action integrals of these
fundamental cycles,
S = (S1, S2) =
(∫
γ1
θ,
∫
γ2
θ
)
, (3.37)
where θ is the Liouville 1−form on T ∗M .
Definition 3.6 (Refs. [14], and [16]). Let E be a symplectic space and let Λ(E) be
his Lagrangian Grassmannian (which is set of all Lagrangian subspaces of E). We
consider a bundle B in E over the circle or a compact interval provided with a Lagrangian
subbundle called vertical. Let λ(t) be a section of Λ(B) which is transverse to the vertical
edges of the interval in the case where the base is an interval. The Maslov index of λ(t)
is the intersection number of this curve with the singular cycle of Lagrangians which do
not cut transversely the vertical subbundle.
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The Maslov index appears in the statement of spectral asymptotic results. In our
work it is treated as a standard constant.
We recall here spectral asymptotic results for the standard case at the energy level
E = 0, cited from [4]. However these results can be immediately generalized for any
energy lever E by a translation.
Theorem 3.7 ([4]). For E = 0. We suppose that Pε is an operator satisfying Assump-
tions 3.1 (from (3.6) to (3.31)), and in the regime h  ε = O(hδ) for 0 < δ < 1. Let
G ∈ G(α, d, 0) be a good value as Def. 3.4, and assume that (3.36) is true. Suppose that
the action-angle coordinates κ in (3.23) send Λa to the zero section T2×{ξa = 0} ∈ T ∗T2.
Assume that dp(ξ) and d〈q〉(ξ) are R−linearly independent at ξa = 0, where p = p(ξ) as
in (3.24) and 〈q〉(ξ) is the average of q on tori, given in (3.27).
Then the eigenvalues µ of Pε with multiplicity in the good rectangle R
(0,G)(ε, h) of the
form (3.35) have the following expression,
µ = P (∞)
(
h(k − η
4
)− S
2pi
, ε;h
)
+O(h∞), k ∈ Z2, (3.38)
where P (∞)(ξ, ε;h) is a smooth function of ξ defined in a neighborhood of (0,R2) and
ε, h in neighborhoods of (0,R). Moreover P (∞)(ξ, ε;h) is real valued for ε = 0, admits
the following polynomial asymptotic expansion in (ξ, ε, h) for the C∞− topology:
P (∞)(ξ, ε;h) ∼
∑
α,j,k
Cαjk ξ
αεjhk. (3.39)
In particular P (∞) is classical in the space of symbols with h−leading term:
p
(∞)
0 (ξ, ε) = p(ξ) + iε〈q〉(ξ) +O(ε2). (3.40)
The fact that the horizontal spectral band is of size O(ε) suggests us introducing the
function
χ : R2 3 u = (u1, u2) 7→ χu = (u1, εu2) ∈ R2 (3.41)
∼= u1 + iεu2 ∈ C,
in which we identify C with R2.
Noticing that σ(Pε) = σ(Pε − χa) + χa and applying Theorem 3.7 (in the standard
case) for the operator (Pε−χa) with respect to the good rectangle R(0,G)(ε, h), we obtain
easily the asymptotic eigenvalues of Pε in any good rectangle R
(E,G)(ε, h), as following.
Theorem 3.8. For E ∈ R. We suppose that Pε is an operator satisfying Assumptions
3.1 (from (3.6) to (3.31)), and in the regime h  ε = O(hδ) for 0 < δ < 1. Let
G ∈ G(α, d, E) be a good value as Def. 3.4, and assume that (3.36) is true. Suppose
that by κ, given in (3.23), Λa ' Λξa, with ξa ∈ A. Assume that dp(ξ) and d〈q〉(ξ) are
R−linearly independent at ξa, where p = p(ξ) as in (3.24) and 〈q〉(ξ) as in (3.27).
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Then the eigenvalues µ of Pε with multiplicity in the good rectangle R
(E,G)(ε, h) of the
form (3.35), modulo O(h∞), are h−locally given by
µ = P (∞)
(
ξa + h(k − η
4
)− S
2pi
, ε;h
)
+O(h∞), k ∈ Z2, (3.42)
where P (∞)(ξ; ε, h) is a smooth function defined in a neighborhood of (ξa,R2) and of ε, h
in neighborhoods of (0,R). Moreover P (∞)(ξ; ε, h) admits asymptotic expansions of the
form (3.39), with h−leading term of the form (3.40).
Remark 3.9. We can write the total symbol P (∞) in the reduce form:
P (∞)(ξ, ε;h) = p(ξ) + iε〈q〉(ξ) +O(ε2) +O(h), (3.43)
uniformly for ε and h small.
Remark 3.10. We can show that the function P (∞) in the above theorem is a local
diffeomorphism from a neighborhood of (ξa,R2) into its image, that is in a O(ε)−
horizontal band (see Ref. [17]). Therefore the eigenvalues of Pε in a good rectangle form
a deformed h−lattice. It’s the image of a square lattice of hZ2 by a local diffeomorphism.
Moreover, we can show that the lattice has a horizontal spacing O(h) and a vertical
spacing O(εh).
4 Spectral asymptotic pseudo-lattice and its mon-
odromy
In the previous section we have seen that the spectrum locally is a deformed h− lattice.
In this section we are studying globally the spectrum in showing that the spectrum is
an asymptotic pseudo-lattice. Then we can define a monodromy for the spectrum.
4.1 Monodromy of an asymptotic pseudo-lattice
We recall here the definition of an asymptotic pseudo-lattice and its monodromy given
in [17]. This is a discrete subset of R2 admitting a particular property.
For any subset U of R2 we denote
U(ε) = χ(U), (4.44)
where χ is the map in (3.41).
Definition 4.1. Let U be an open subset of R2 with compact closure and let Σ(ε, h)
(which depends on small h and ε) be a discrete subset of U(ε). For h, ε small enough
and in the regime h ε, we say that (Σ(ε, h), U(ε)) is an asymptotic pseudo-lattice if:
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for any small parameter α > 0, there exists a set of good values in R2, denoted by G(α),
whose complement is of size O(α) in the sense:
| CG(α) ∩ I |≤ Cα | I |,
with a constant C > 0 for any domain I ⊂ R2; for all c ∈ U , there exists a small open
subset U c ⊂ U around c such that for every good value a ∈ U c∩G(α), there is an adapted
good rectangle R(a)(ε, h) ⊂ U c(ε) of the form (3.35) (with a = (E,G)), and a smooth
local diffeomorphism f = f(·, ε;h) which sends R(a)(ε, h) on its image, satisfying
Σ(ε, h) ∩R(a)(ε, h) 3 µ 7→ f(µ, ε;h) ∈ hZ2 +O(h∞). (4.45)
Moreover, the function f˜ := f ◦ χ, with χ defined by (3.41), admits an asymptotic
expansion in (ε, h
ε
) for the C∞−topology in a neighborhood of a, uniformly with respect
to the parameters h and ε, such that its leading term f˜0 is a diffeomorphism, independent
of α, locally defined on whole U c and independent of the selected good values a ∈ U c.
We also say that the couple (f(·, ε;h), R(a)(ε, h)) is a h−chart of Σ(ε, h), and the
family of h−charts (f(·, ε;h), R(a)(ε, h)), with all a ∈ U c ∩ G(α), is a local pseudo-chart
on U c(ε) of (Σ(ε, h), U(ε)).
Remark 4.2. A standard lattice is obviously an asymptotic pseudo-lattice. An another
example is a known lattice with some similar but lighter properties, named asymptotic
lattice, given in [15]. That lattice is modeled on the joint spectrum of system of commut-
ing operators. It is locally defined, while the asymptotic pseudo-lattice is very delicate,
it is h−locally defined.
The introduction of this discrete lattice aims to show that the combinatorial invariant
that we will define is directly built from the spectrum of operators. If different operators
have the same spectrum, then they have the same monodromy.
Let {U j}j∈J , here J is a finite index set, be an arbitrary (small enough) locally finite
covering of U . Then the asymptotic pseudo-lattice (Σ(ε, h), U(ε)) can be covered by
associated local pseudo-charts {(fj(·, ε;h), U j(ε))}j∈J . Note from Definition 4.1 that
the leading terms f˜j,0(·, ε;h) are well defined on whole U j and we can see them as the
charts of U . Analyzing transition maps, we had the following result.
Proposition 4.3 ([17]). On each nonempty intersection U i ∩ U j 6= ∅, i, j ∈ J , there
exists an unique integer linear map Mij ∈ GL(2,Z) (independent of h, ε) such that:
d
(
f˜i,0 ◦ (f˜j,0)−1
)
= Mij. (4.46)
Then we define the (linear) monodromy of the asymptotic pseudo-lattice (Σ(ε, h), U(ε))
as the 1-cocycle of {Mij}, modulo coboundary, in the Cˇech cohomology of U with values
in the integer linear group GL(2,Z), denoted by
[M] ∈ Hˇ1(U,GL(2,Z)). (4.47)
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It does n’t depend on the selected finite covering {U j}j∈J and the small parameters h, ε.
We can also associate the class [M] with its holonomy, that is a group morphism
from the fundamental group pi1(U) to the group GL(2,Z), modulo conjugation. The
triviality of [M] is equivalent to the one of its holonomy.
4.2 Spectral monodromy of Pε
Now let F = (p, f) be an integrable system as in (3.17) and denote Ur the set of all
regular values of F . We recall that the space of regular leaves of F is foliated by Liouville
invariant tori by Theorem 2.4.
Theorem 4.4. Let U be an open subset of Ur with compact closure. In the regime
h  ε = O(hδ) for 0 < δ < 1, we suppose that Pε is an operator satisfying the
assumptions of Sec. 3.1 (from (3.6) to (3.31)) for any energy level E in the projection
of U on horizontal axis. For any Liouville torus Λ ⊂ F−1(U) such that Λ ' Λξ in a
local angle-action coordinate κ = (x, ξ) as in (3.23), we assume that dp(ξ) and d〈q〉(ξ)
are R−linearly independent, where p = p(ξ) as in (3.24) and 〈q〉(ξ) as in (3.27) are
expressions of p and 〈q〉 in the local angle-action variables. Moreover we assume that
the map (p, 〈q〉) on F−1(U) is proper with connected fibers. Then (σ(Pε), U(ε)) is an
asymptotic pseudo-lattice.
Proof of Theorem 4.4. Let an any point c ∈ U . There exists uniquely a Liouville torus
Λc = (p, 〈q〉)−1(c) in T ∗M . We note that p and 〈q〉 commute in neighborhood of each
Liouville torus, due to the fact that 〈q〉 is invariant under the flow of p. Therefore we can
use a local action-angle coordinate in a neighborhood V c ⊂ T ∗M of Λc as in Theorem
2.4 with F = (p, 〈q〉) and ϕ(ξ) = (p(ξ), 〈q〉(ξ)), ξ ∈ Ac.
Now, for any point a = (E,G) in a small enough neighborhood U c such that G is a
good value, i.e., G ∈ G(α, d, E), see Definition 3.4. We notice also that with assumptions
of the theorem, the condition (3.36) is valid (L = 1). So the corresponding Liouville
torus Λa = F
−1(a) is (α, d)−Diophantine, as discussed in Remark 3.5. Suppose that
Λa ' Λξa , with ξa = ϕ−1(a) ∈ Ac. Then with the help of Theorem 3.8 the eigenvalues µ
of Pε in the good rectangle R
(E,G)(ε, h) of the form (3.35), are h−locally given by (3.42).
On the other hand, we have a classical result that for any a ∈ U c,
S
2pi
− ξa := τc ∈ R2, (4.48)
is locally constant in c ∈ Ur (see Ref. [17]).
Then from Remark 3.10, the Eq. (3.42) provides a smooth local diffeomorphism at
E + iεG ∈ C, denoted by f = f(µ, ε;h), that sends µ to hk ∈ hZ2, modulo O(h∞), of
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the form
f = f(µ, ε;h) =
S
2pi
− ξa + hη
4
+ P−1(µ) (4.49)
= τc + h
η
4
+ P−1(µ)
σ(Pε) ∩R(E,G)(ε, h) 3 µ 7→ f(µ, ε;h) ∈ hZ2 +O(h∞),
here P is the map P (∞) in Theorem 3.42, for ease of notation.
We shall show that this map should be a h−chart of σ(Pε) on the good rectangle
R(E,G)(ε, h).
Let f˜ = f ◦ χ, then we have
f˜ = τc + h
η
4
+ P−1 ◦ χ. (4.50)
To analysis P−1 ◦ χ, we first consider its inverse, P̂ := χ−1 ◦ P . It is obtained from
P by dividing the imaginary part of P by ε. As P admits an asymptotic expansion in
(ξ, ε, h), so it is true that P̂ admits an asymptotic expansion in (ξ, ε, h
ε
) (here h  ε).
Moreover, from Remark 3.9 we can write P̂ in the reduce form:
P̂ (ξ, ε;h) = P̂0(ξ) +O(ε) +O(h
ε
)
= P̂0(ξ) +O(ε, h
ε
), (4.51)
uniformly for h, ε small and h ε, with P̂0(ξ) = p(ξ) + i〈q〉(ξ) ∼= ϕ(ξ).
The Proposition 4.6 (as below) ensures that the map P̂−1 = P−1 ◦ χ admits an
asymptotic expansion in (ε, h
ε
) whose first term is (P̂0)
−1 = ϕ−1. Hence the map f˜ in
(4.50) admits an asymptotic expansion in (ε, h
ε
) with the leading term
f˜0 = τc + ϕ
−1. (4.52)
It is clear that the leading term f˜0 is a local diffeomorphism, defined on U
c. It does
not depend on the selected good rectangle in U c(ε). So (f,R(E,G)(ε, h)) is a h−chart of
σ(Pε) on U
c(ε).
On the other hand, in the domain U c(ε), there are many good rectangles, due to the
fact that the set of good values is of large measure, see Remark 3.5. A family of such as
these h−charts with common leading term satisfying (4.52) forms a local pseudo-chart
for σ(Pε) on U
c(ε).
The above construction ensures that (σ(Pε), U(ε)) is an asymptotic pseudo-lattice.
With the help of Theorem 4.4 and the construction in Sec. 4.1 we may now give the
definition of the monodromy for operators as following.
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Definition 4.5. For ε, h > 0 sufficiently small such that h  ε = hδ, 0 < δ < 1, we
suppose that the domain U and the operator Pε satisfies all assumptions of Theorem
4.4. Then we define the spectral monodromy of Pε on the domain U(ε), denoted by
[Msp(Pε)], as the monodromy of the asymptotic pseudo-lattice (σ(Pε), U(ε)), given in
(4.47).
Proposition 4.6. (see [17]) Let P̂ = P̂ (ξ;X) be a complex-valued smooth function of
ξ near 0 ∈ R2 and X near 0 ∈ Rn. Assume that P̂ admits an asymptotic expansion in
X near 0 of the form
P̂ (ξ;X) ∼
∑
α
Cα(ξ)X
α,
with Cα(ξ) are smooth functions and C0(ξ) := P̂0(ξ) is a local diffeomorphism near
ξ = 0.
Then, for | X | small enough, P̂ is also a smooth local diffeomorphism near ξ = 0 and
its inverse admits an asymptotic expansion in X near 0 whose the first term is (P̂0)
−1.
4.3 Spectral monodromy recovers the classical monodromy
Suppose that {U j}j∈J is an arbitrary small enough finite open covering of U . Here J is
a finite index set. With notations as in Theorem 2.4, F−1(U) can be covered by a finite
covering of angle-action charts {(V j, κj)}j∈J . Then the classical monodromy is defined
as the Zn− bundle H1(Λc,Z) → c ∈ U , whose transition maps between trivializations
are
{t(d((ϕi)−1 ◦ ϕj))−1} = {t(M clij )−1}.
Here H1(Λc,Z) is the first homology group of the Liouville torus Λc, and M clij are a locally
constant matrixes of GL(2,Z) defined on the nonempty overlaps V i ∩ V j, i, j ∈ J , see
[9].
Hence, in regard to the definition of the spectral monodromy by (4.47), (4.46) and the
result (4.52), we can state that the spectral monodromy of non-selfadjoint small per-
turbed operators allows to recover the classical monodromy of the underlying completely
integrable system of selfadjoint unperturbed operators. More precisely we have.
Theorem 4.7. The spectral monodromy of Pε is the adjoint of the classical monodromy
defined by p.
This result is seminar to an one of paper [17], operators in both cases are related to
completely integrable systems.
In conclusion, the spectral monodromy of small non-selfadjoint perturbations of a
selfadjoint operator, admitting a principal symbol that is completely integrable, is well
defined directly from its spectrum, independent of small perturbations and the classical
parameter.
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Moreover, the spectral monodromy allows to recover the classical monodromy of in-
tegrable systems. It shows the important relationship between quantum and classical
mechanics.
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